
LAMINAR BOUNDARY LAYER 

IN AN OSCILLATORY FLOW 

I. V. Pushkareva 

ON A FLAT PLATE 

We cons ide r  the uns teady  flow of an i n c o m p r e s s i b l e  fluid in a l a m i n a r y  boundary  l a ye r  formed in 
longi tudinal  flow over  a flat plate where  the ex te rna l  flow has a constant  veloci ty on which a s inusoidal  
d i s tu rbance  is imposed.  

Two v a r i a n t s  of the p rob lem are  cons idered .  In one case the harmonic  osc i l l a t ions  of the veloci ty 
of the incoming  flow depend only on the t ime  and in the other  case they also depend on the longi tudinal  co-  
ord ina te  (d i s turbances  conveyed by the flow). 

The a s sumpt ion  of r e l a t ive  s m a l l n e s s  of the ampli tude of the d i s tu rbances  means  that the solut ion of 
the p rob l em can be der ived  in the fo rm of a power s e r i e s  and the coeff icients  of the f i r s t  th ree  t e r m s  of 
these  s e r i e s  are  sought. The p rob l em is reduced to the de t e rmina t ion  of un ive r sa l  funct ions by a special  
choice of d i m e n s i o n l e s s  v a r i a b l e s .  

The s tab i l i ty  of the flow in the boundary  l aye r  in the second case is  inves t iga ted  by means  of the 
energy  method of the theory  of hydrodynamic  s tabi l i ty .  

1. Veloci ty Dis t r ibu t ion  in Boundary Laye r  in the Case of Pe r iod ic  Di s tu rbances  in the External  
Flow. We cons ide r  two v a r i a n t s  of this  p rob lem.  We put the veloci ty  of the incoming  flow in one case  
(case I) in the fo rm 

U(x~, t) = U0 [t + ~ cos(0 (x~/ Uo -- t)] (1.1) 

and in the second case (case II) in the fo rm 

U (t) = U0 (t + ~ cos ~0t) (1.2) 

(the xl axis is d i rec ted  along the plate;  t is the t ime)~ Expres s ion  (1.1) co r re sponds  to an ex te rna l  flow 
with constant  ve loci ty  U 0 on which a re  imposed s inusoidal  d i s t u rbances  with ampli tude ~ and f requency w, 
which are  c a r r i e d  away by the ex te rna l  flow with inflow veloci ty  U 0. This p rob lem was inves t iga ted  on the 
a s sumpt ion  that ~ was smal l  in [1], where  a solut ion for  smal l  f r equenc ies  w was given.  

In the second case the imposed s inusoidal  d i s t u rbances  in the externa l  flow do not depend on the spa -  
t im coordinate  xv  In [2] a rev iew of the theore t ica l  inves t iga t ions  and the r e s u l t s  of thorough exper imenta l  
inves t iga t ion  of such flow in a boundary  l aye r  were  given.  It should be noted, however,  that the theore t ica l  
inves t iga t ion  of flows has been  confined to the region  of e i ther  smal l  or  l a rge  f requenc ies  of d i s tu rbances .  

In this  paper  we impose  no r e s t r i c t i o n  on the f requency w, but we a s s u m e  that the ampli tude ~<< 1. 

The equat ions of an uns teady  two-d imens iona l  boundary  l a ye r  have the fo rm 

Ou ~u 5u t Op ~2u Ou Ov ~ - + u ~ + ~ 0 ~ - -  p ~ + "  ~x~' ~ - ~ - ~ = ~  (1o 3) 
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w h e r e  

i ap ou au 

T h e  b o u n d a r y  c o n d i t i o n s  a r e  

u (x l ,  xe, t) = v (x l ,  x2, t) = 0 (x~ = O) 

u (xl, x~, t) -~ U (x. t) (~  -~ .~o) (I) 

u (xl, x2, t) ~ Y (t) (x.z ~ ~)  (II) 

H e r e  u(x 1, x 2, t) and t,(xl,x2, t) a r e  the  l ong i tud ina l  and t r a n s v e r s e  c o m p o n e n t s ,  r e s p e c t i v e l y ,  of t he  
v e l o c i t y  in  t h e  b o u n d a r y  l a y e r ,  p i s  t h e  p r e s s u r e ,  u i s  t h e  k i n e m a t i c  v i s c o s i t y ,  a n d  t h e  x 2 a x i s  i s  p e r -  
p e n d i c u l a r  to  t h e  p l a t e .  

A s s u m i n g  X<< 1, we  wi l l  s e e k  t h e  s o l u t i o n  of  E q s .  (1 .3 )  in  t h e  f o r m  

2 (zl, x2, l) = u0 (x.  x2) § ~ul (zl, x2, t) § ~2u~ (x~, x2, t) + . . . 
v (x~, x2, t) = vo (x.  ~2) § ~ (x.  ~,  t) + ~- v. (~,  x~, ~) § . . . (1 .4 )  

I n  wha t  f o l l o w s  we wi l l  d e t e r m i n e  on ly  the  f i r s t  t h r e e  t e r m s  of  t h e s e  s e r i e s .  

We c o n s i d e r  c a s e  I, w h e r e  t h e  v e l o c i t y  of t h e  e x t e r n a l  f low i s  g i v e n  b y  e x p r e s s i o n  ( 1 . 1 ) .  S u b s t i t u t i n g  

e x p r e s s i o n s  (1 .4 )  i n  E q s .  (1 .3 )  and  e q u a t i n g  t h e  c o e f f i c i e n t s  of  e q u a l  p o w e r s  of  X to  z e r o  we  o b t a i n  a s y s t e m  
of  e q u a t i o n s  f o r  t h e  c o e f f i c i e n t s  of t h e  e x p a n s i o n s  (1o 4) .  

T h e  t e r m s  w i t h  z e r o  p o w e r  of X g i v e  t h e  s t e a d y - s t a t e  e q u a t i o n s  

au o OUo O~Uo Ouo 3vo 
~o ~ + ~o ~ = v o ~ ,  o~1 + ~ = 0 (1.5) 

w i t h  b o u n d a r y  c o n d i t i o n s  

20= . 0 = 0  (z~=0) ,  2o-~u0 ( z ~ o o )  

T e r m s  w i t h  X 1 g ive  t h e  e q u a t i o n s  

Oul Oul OUl Otto "4- Ouo O~ul 

Oux c3vl 
~-~7~ + ~ = o  

w i t h  b o u n d a r y  c o n d i t i o n s  

�9 u l = v l = 0  (as=0), u,-~V0cosco ~T0--t (x=-.oo) 

T e r m s  w i t h  X a g ive  t h e  e q u a t i o n s  

Ou~ Ou~ au~ Ouo Ouo C~Ul Oul 

a2u2 Uoo) . 

Ou~ . Ov~ 0 

(1 .6 )  

(1.7) 

w i t h  b o u n d a r y  c o n d i t i o n s  

u2=  v~= 0 (x~= 0), u2 --*0 (x2-~ oo) 
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We note that  the f i r s t  t e r m s  in the expans ions  (1.4),  as  was to be expec ted ,  
the  B la s iu s  p r o b l e m  of the bounda ry  l a y e r  on a f lat  p la te :  

�9 i (~,U_oy,. (~ = z. (u~ 
uo = Uo/" 01L v0 -= -~- \ xx / [~1/' (~) - -  / 0l)] p:zV / 

T a b l e s  for  the func t ionf (v )  and i t s  d e r i v a t i v e  f '0?)  a r e  given in [8]. 

Eqs .  (1.6) and (1.7) we conver t  to d i m e n s i o n l e s s  v a r i a b l e s  

a r e  a known solut ion of 

(1. s) 

(1.9) 

Equat ions  (1.6) in the  new v a r i a b l e s  have the f o r m  

02u~~ Oux ~ 3u~ ~ f Oul ~ l ,, o 

0~ ~ - ~ ( i - / ' ) - ~ - - ~ / "  - - ~ - + T - b ~ - + T !  nul - - / "v l~  

/Ogl~ OUl~ ~ OUl~ " OVl~ 0 ~ - ~  + -~ - ) -  ~ - ~ -  + - ~ =  (1. lo) 

with bounda ry  condi t ions  

ul ~  v ~  O l = O ) ,  u d ~ c o s *  01-- '~~  

Equat ions  (1.7) in t hese  v a r i a b l e s  a r e  

02u2 ~ Ou~ ~ Ou~ ~ 1 Ou~ ~ 1 
o~ +~( i  - / )  - y ~ - -  U" T ( + T / - ~ + - T / " n ~  o - / % ~  

Ou t~  o/'Oul~ Oul~ o Oul ~ 

/OuC Ou2~ ~ Ou2 ~ Or2 o (1. ll) 

with bounda ry  condi t ions  

u, ~  v~ ~  (~=o) ,  u~ ~  t ( ~ o ~ )  

Using the method  of s e p a r a t i o n  of the  v a r i a b l e s  in view of the fact  that  Eqs .  (1.10) a r e  l i n e a r  and 
homogeneous  and the coef f i c ien t s  a r e  independent  of the  v a r i a b l e  ~,  we wil l  s eek  the so lu t ions  of Eqs.  
(1.10) in the  f o r m  

ul  ~ = Aio (~, g) c o s *  + Bxo 01, ~) s i n *  

vl ~ = Clo (~, ~) cos  * -[- Dlo Oq, ~) s in  ~b (1.12) 

E x p r e s s i o n s  (1.12) can be wr i t t en  in ano the r  f o r m  

ul  0 = a cos  (* -~ a ) ,  vl 0 = b cos  (* -~- ~) 

a = V A ~ - Y - ~  Bzo *, b = ] / 'C~o  ~ ,2_ Dlo ~, t g  cz = - -  B~o / A~o, t g  ~ = - -  D1o / Clo 

zero. 

We subs t i tu t e  (1.12) in (1.10),  group the t e r m s ,  and equate  the coef f ic ien t s  of c o s ~  and s in  �9 to 
We obta in  a s y s t e m  of four  p a r t i a l  d i f f e r en t i a l  equat ions  of the mixed  type 

L (Alo) = - -  ~ ( l  - -  ] ' )  Blo -{- / " C l o  , L (Blo) ~ ~ ( t  - -  ]') Alo + / " D l o  K (Clo, Alo ) ~ - -  ~Blo, K (Dlo , Blo  ) = ~Alo (1.13) 

with bounda ry  condi t ions  
Aio = B 1 o =  C ~ o = D ~ o =  0 (*l = 0), A l o - - ~ i ,  Blo ~ 0  ( ~ q ~  ~ )  
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q 6 -~0 0 ~]0 
Fig.  1 Fig.  2 

Here 

O~p "Op . / Op , ~ ,,, 

, Op ~ Oq Oq 

We seek the solution of Eqs. (1,11) in the form 

o u~ - -  Azo (~l, ~) + A,z 0l, ~) cos 2r + B2z 01, ~) sin 2~p 
v~ ~ ~ C~o (~l, ~)+C~z( ~l,~)cos 2r -~ D,z (B, ~) s i n2~  (1.14) 

We substi tute (1.12) and (1.14) in (1.11) and equate the coefficients of cos 2~ and sin 2~ and the sum 
of the remaining  t e r m s  to zero .  As a r esu l t  we obtain 

L (A:I) = - -  2~ (t - -  f )  But + ]"C~z %" ~AloBzo -~ -~ -  ~ (Axo ~ - -  Bzo 2) - -  

t (Clo OAzo Dlo 0Bzo~ 
T w -  w /  

L (B2z) = 2~ (i - - / ' )  A2z + ]"D21 + + (Blo ~ - -  AIO e) -~ 

. "~- (AloBio) - -  ~ " ~  (A1oBxo) -~ ~ (Dxo " - ~  -~- Czo - '~"-) 

K (C.ox, Aez) = - -  2gB~z, K (D2a, B~I) = 2~A~a, K (C2o,A~o) = 0 (z. 15) 

with boundary conditions 

A~o --~ 0, A2z --~ 0, B2x ~ 0 (~l -~ c~) 

Systems (1.13)-(1.15) were  solved by a numerica l  method by using an impl ic i t  f in i te-di f ference 
scheme.  

0 

-2 

"B 0 q 

Fig.  3 

6 

, r 

2 t/ 6 

Fig.  4 
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qo v~ ~ = ~ 3  

o 

Fig~ 5 

/l/ 
,;I/ 
/ 

O 
z q ,  

The par t i a l  de r iva t ives  were  approximated  in the following way: 

&l ~ i m ( ~  nl+l__o n+l / n n 

Oq 1 ~r I q n+l~qn+t) 1 r~ n ] 
O~ ~ gn+l ~'- ge " Z - '  i+1 i - -  - ~ -  (qi+l -~ qg ) (1.16) 

The boundary  condi t ions  for ~? -~ ~o were  t r a n s f e r r e d  to the l ine 
=10o The l ine  ~=0 will  be the c h a r a c t e r i s t i c  for the sys t em of equa-  

t ions  (1.13), (1.15). The ca lcula t ion  was made for  each l a y e r  ~=const 
by us ing  the m a t r i x  e l imina t ion  method, and in this  p r ob l e m we managed 
to reduce  the o r de r  of the m a t r i x  to two. The value of 6 was se lec ted  
f r o m  a cons ide ra t ion  of the solut ions  of the s impl i f ied  model p r ob l em 
with di f ferent  0o All the ca lcula t ions  of the ma in  p r ob l e m were  made 
with 0 =1~ The p rob lem was solved o n a n M - 2 0  computer .  

The above -desc r ibed  method and the sequence of opera t ions  in the 
solut ion of the p r ob l e m can also be applied to case II, but on convers ion  
to d i m e n s i o n l e s s  va r i a b l e s  in this case (p mus t  be rep laced  by r = wt. 
The na tu re  of the equat ions of expansion (1.4) a re  also sought in the 
fo rm (1o 12) and (1.14). 

By analyz ing  the behav ior  of the obtained un i ve r s a l  funct ions in 
each case  we can draw some qual i ta t ive conclus ions  r ega rd ing  the p rop -  
e r t i e s  of the cons ide red  flows. We will d i s cus s  case  I f i r s t .  

The graphs  of the funct ions A10, B10, and A20 for this  case a re  
shown in F igs .  1-3, where  the curves  co r re spond  to the following values  
of ~: 

F i g .  6 C u r v e s  1 2 3 ~ 5 6 

~=0 0.87 2.20 io.ol 30.53 72.70 

F r o m  an examina t ion  of these  curves  and f rom the behav ior  of o ther  func t ions  not shown here,  we 
can draw the following conc lus ions  for  case  I. 

1. With i n c r e a s e  in the p a r a m e t e r  ~ = w x J u  o the zone of the effect of ex te rna l  d i s tu rbances  moves  
c lo se r  and c lose r  to the ou te r  boundary  of the boundary  l aye r .  

2. A compar i son  of the m a x i m u m  absolute  va lues  of funct ions A10, B~, A20, A21, and B21 for d i f -  
fe ren t  ~ shows that with i n c r e a s e  in ~ these  va lues  for  A20, A21, and Bzi i n c r e a s e  rapidly ,  where for A10 
and B10 they a re  a lmos t  constant .  This  means ,  in pa r t i cu l a r ,  that for  a fixed f requency  w and veloci ty  
U 0 the cont r ibu t ion  of the second f requency  2w i n c r e a s e s  with i n c r e a s e  in x 1, 

3. The longi tudinal  ve loci ty  u(x 1, x2), averaged  over  the per iod 21r/w, of the boundary  l a ye r  is  given by 

u 
Uo --/'(~) + ~A~o (~, ~) (1, 17) 

Funct ion  A20 07, ~), beg inning  at c e r t a i n  va lues  of [ (at approx imate ly  ~=0.8),  is always nonposi t ive .  
Numer i ca l  ana lys i s  shows that for  suff ic ient ly  l a rge  va lues  of ~ points  of inf lect ion appear  on the prof i les  
of the averaged  veloci ty .  

The behav ior  of the boundary  l a y e r  in case II was cons idered  in detai l  in [2]. Examples  of c o m p a r i -  
son of the obtained r e su l t s  with the expe r imen ta l  data [2] are  given in Figs~ 4 and 5. The r e l a t ionsh ips  
given r e p r e s e n t ,  r espec t ive ly ,  the ampl i tude  for ~=2~ 65, X=0.15 and the phase for  ~=0.83, X =0~ 13 of 
ve loc i ty  ul ~ 
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F o r  c a s e  II the funct ions  A10, B10, 
spond to the  fol lowing va lues  of ~: 

and Az0 a r e  r e p r e s e n t e d  in F i g s .  6-8,  whe re  the  cu rves  c o r r e -  

Curves  
1 9 3 d 5 

-----0 0.67 i.2i 2.01 6.12 

It should be noted that  the  b e h a v i o r  of the f low in the  bounda ry  l a y e r  in the two c o n s i d e r e d  c a s e s  is  
s ign i f i can t ly  d i f f e ren t .  

1. In c a s e  II, as  d i s t i n c t  f r o m  c a s e  I, the zone of ef fec t  of e x t e r n a l  d i s t u r b a n c e s  moves  c l o s e r  and 
c l o s e r  to the  p la te  with i n c r e a s e  in ~. 

2. In c a s e  I the m a x i m u m  ampl i tude  a o f  the  o s c i l l a t i o n s  i s  a t t a ined  when ~=0, w h e r e a s  in case  II i t  
i s  a t t a ined  when ~ g 1 .5 .  

3. At su f f i c ien t ly  l a r g e  va lues  of ~ in ca se  II the effect  of o s c i l l a t i o n s  in the e x t e r n a l  flow on the 
p ro f i l e  of the a v e r a g e d  ve loc i t y  in the  bounda ry  l a y e r  i s  r educed .  This  can be  seen  f r o m  the fac t  that  the 
m a x i m u m  abso lu te  va lue  of the  funct ion A20, beginning  at  a p p r o x i m a t e l y  ~=1.5 ,  d e c r e a s e s .  In th is  c a se  
inf lec t ion  poin ts  cannot  a p p e a r  on the p r o f i l e s  of the a v e r a g e d  ve loc i ty .  

2. Inves t iga t ion  of F low Stabi l i ty  in Boundary  L a y e r  (for Case  I). The ma in  flow for  which we i n -  
v e s t i g a t e  the s t ab i l i t y  is  the flow, obta ined in P a r .  1, in the  bounda ry  l a y e r  of a f la t  p la te  when the ex t e rna l  
flow is  given by e x p r e s s i o n  (1.1) .  We wil l  b a s e  our  app l i ca t ion  of the e n e r g y  method  on [4], in which the 
s t ab i l i t y  of uns t eady  p a r a l l e l  f lows was  c o n s i d e r e d .  As is u s u a l l y  done in the  c o n s i d e r a t i o n  of flow s t ab i l i t y  
in a boundary  l a y e r ,  we neg lec t  the inhomogene i ty  of the flow along i t s  length  and the t r a n s v e r s e  ve loc i ty  
component  and r e g a r d  the f low in the bounda ry  l a y e r  a s  a p p r o x i m a t e l y  p a r a l l e l .  The i n t e g r a l  equat ion fo r  
the  ene rgy  of the d i s t u r b e d  mot ion  in some  l i m i t e d  vo lume V of the flow f ie ld  (using t e n s o r  notation) can be 
wr i t t en  as  

d o#c. w.w.  (.of* (gU i flflfl Owi Ow~ 

dV = dxldx2dx~ (2.1) 

Here  we sum o v e r  al l  the r e c u r r e n t  s u b s c r i p t s ;  w i i s  the ve loc i t y  of the d i s t u r b a n c e ,  and U i i s  the  
ve loc i ty  of the ma in  f low. 

This  equat ion is  obta ined  d i r e c t l y  f r o m  the N a v i e r - S t o k e s  equat ions  without  any a s s u m p t i o n s  r e -  
ga rd ing  the magni tude  of the d i s t u r b a n c e s .  
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We use  a ve ry  s imple  "quas i - s teady"  de t e rmina t ion  of the s tabi l i ty  
of the uns teady flow. The uns teady flow at an indicated ins tan t  is  regarded  
as s table  if the kinet ic  energy  of the d i s tu rbances  of the ins tan taneous  
veloci ty  field of the ma in  flow d e c r e a s e s  with t ime .  

Only the f i r s t  in tegra l  on the r ight  side of Eq. (2.1) can be posi t ive 
and, hence, according  to this  defini t ion the flow is s table  if 

r,r,l, Ow~ Ow~ fr162 OU~ 

v J : ~ ~ (2.2) 

Fig.  9 

c a s e .  

The case where the equali ty occurs  is cal led the neu t ra l  s tabi l i ty  
It is of mos t  i n t e r e s t .  

With the a s sumpt ions  stated above the ma in  flow is given in the form 

We conver t  to d i m e n s i o n l e s s  va r i ab l e s  

w .  U2 x i Uo6 
w'O=--L~' u~ Yi= 5 (2.3) z U o ' ' "Y 

Here 5 is the th ickness  of the boundary  layer ,  defined as the d is tance  f rom the wall to the point where 
the ve loc i ty  U z=0. 999 U. Then condit ion (2.2) for  the neu t ra l  s tab i l i ty  case can be put in the form 

Ow i o ~T,W t o 

(2.4) 

If we a re  seeking  only suff icient  s tab i l i ty  condit ions the lower  l imi t  of the c r i t i ca l  Beynolds n u m b e r  
R, can be de t e rmined  by m i n i m i z i n g  R in Eq. (2.4). 

As in [4], we confine ou r se lves  to a cons idera t ion  of two-d imens iona l  d i s tu rbances  of the fo rm 

w l  ~ = s (y~, t) e ~ ' 1 ,  w~ ~ = z (y~, t) j~Y~ ( 2 . 5 )  

As a r e su l t  we obtain a l i nea r  d i f ferent ia l  equation for  z with homogeneous boundary  condit ions 

[ 3 u  ~ , i a~u ~ ) 

z =  z '  = O (y~ = O), z ~ O, z '  ~ O (g~ - *  ~ )  
(2.6) 

where  the t ime  t plays the ro le  of a p a r a m e t e r .  The coeff icients  depend on the independent  va r i ab le  Yz and 
the p a r a m e t e r s  7 and t.  

Thus,  we obtain a p r o b l e m  for  the e igenvalues  and we define the n u m b e r s  R=R(T, t) as e igenvalues .  

In this  work the e igenvalues  were  de t e rmined  n u m e r i c a l l y  by the f in i t e -d i f fe rence  method. Since R 
is min imized ,  only the s m a l l e s t  e igenvalues  a re  of in t e re s t .  The r equ i r ed  value of R,  for each ins tant  will 
be the s m a l l e s t  of the number s  R over  the whole spec t rum of 7. 

Examin ing  these  sma l l e s t  values  of B,  for d i f ferent  ins tan ts  (within one per iod in the cons idered  p rob-  
lem) we find the lower  l imi t  of R.. 

We tu rn  our  a t tent ion to a shor tcoming ,  noted in [4], of the method used.  It is imposs ib le  to guarantee  
that the flow c h a r a c t e r i s t i c s ,  p a r t i c u l a r l y  R, found in this  way Will sa t isfy  the Navier -S tokes  equations con-  
t inuous ly  in t ime .  Str ic t ly  speaking,  the ve loc i t ies  sa t is fy  only the in tegra l  equation of the d i s tu rbance  
energy and the cont inui ty  equation.  
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An analysis of the effect of the frequency w on the critical Reynolds number R. showed that the small-  
est value of this number occurs at the same (irrespective of the amplitude of the oscillations) value of the 
dimensionless parameter  A = 5 ~-~/2~ (Fig. 9). 

The author thanks O. F. Vasil 'ev for posing the problem and for help in preparing the paper for 
publication and Vo G. Sudobicher for valuable advice. 
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